We classify the monomial Kummer subspaces of division cyclic algebras of prime degree p, showing that every such space is standard, and in particular the dimension is no greater than p + 1. It follows that in a generic cyclic algebra, the dimension of any Kummer subspace is at most p + 1.
Introduction
Given an integer n and a central simple F-algebra A whose degree is a multiple of n, an n-Kummer element is an element v ∈ A satisfying v n ∈ F × and v n ′ F for any 1 ≤ n ′ < n. (We omit n when it is obvious from the context.) These elements play an important role in the structure and presentations of these algebras. For example, in case deg(A) = n and F is a field of characteristic prime to n containing a primitive nth root of unity, A is cyclic if and only if it contains a Kummer element. Without roots of unity, this equivalence holds when n is prime, but there are counterexamples for general n. (See [MRV12] .)
A Kummer subspace of A is an F-vector subspace V where every v ∈ V \ {0} is Kummer. In case F is of characteristic prime to n containing a primitive nth root of unity ρ, every cyclic algebra of degree n over F can be presented as Assume from now on that n = p is prime. In [Mat] , the author made use of the existence of (mp + 1)-dimensional monomial Kummer spaces in A to prove that the symbol length of any central simple F-algebras is bounded from above by p r−1 − 1 when F is a C r field. We are interested therefore in the maximal possible dimension of Kummer spaces in general, and monomial Kummer spaces in particular. Another motivation comes from the generalized Clifford algebras: if p + 1 is indeed the maximal dimension of a Kummer space in a cyclic algebra of degree p, as we conjecture, then the Clifford algebra of a nondegenerate homogeneous polynomial form of degree p in more than p + 1 variables cannot have simple images of degree p. (See [CV12] for more information on generalized Clifford algebras.)
In tensor products of m quaternion algebras, the dimension of Kummer spaces is bounded by 2m + 1. This is an immediate result of the theory of Clifford algebras of quadratic forms. (See [Lam73] for further information.) The Kummer subspaces of cyclic algebras of degree 3 were classified in [Rac09] , and then in [MV12] and [MV14], using techniques of composition algebras suggested by J.-P. Tignol. The monomial Kummer subspaces of the tensor product of m cyclic algebras of degree 3 were classified in [Cha] , establishing an upper bound of 3m + 1. This upper bound holds also for non-monomial Kummer spaces in the generic tensor product of m cyclic algebras.
In this paper we study Kummer subspaces in cyclic algebras of degree p for any prime p. We prove that the dimension of monomial Kummer spaces in such algebras is bounded by p + 1. The proof of this algebraic fact requires a nontrivial result from elementary number theory ( [LPYZ10] , see also [G] ). Finally, we prove in Section 4 that p + 1 is the upper bound for the dimension of any Kummer subspace in the generic cyclic algebra.
Kummer subspaces
Let p be a prime number, F be a field of characteristic either 0 or greater than p containing a primitive pth root of unity ρ, and A be a cyclic division algebra of degree p over F. The variety X A of all Kummer elements in A is defined by the condition s 1 = · · · = s p−1 = 0, where s i are the generic characteristic coefficients. We assume that p ≥ 5.
Standard Kummer subspaces
Let x ∈ X A . For any 1 ≤ k ≤ p − 1 we set 
As before let y, y ′ ∈ X A be elements such that yxy −1 = ρx and y
, we can write x ′ = αx + wy and
which implies αβ = 0. If β 0 then α = 0 implies w = 0, which is impossible. Therefore β = 0, and the remaining equation is 
Criteria for being Kummer
In order to simplify the expressions, we adopt the following symmetric product notation from [Rev77] :
t denote the sum of the products of the elements v 1 , . . . , v 1 , v 2 , . . . , v 2 , . . . , v t , . . . , v t in all possible rearrangements, where each v k appears exactly i k times. The superscript i k = 1 is omitted, so for example x 1 * y 2 = x * y 2 . The exponentiation notation is used strictly in this sense. We use parentheses when the symmetric product is applied to monomials. For instance, (
is Kummer if and only if v
Proof. By definition V = Fv 1 + · · · + Fv t is Kummer if and only if λ 1 v 1 + · · · + λ t v t is Kummer for every λ 1 , . . . , λ t ∈ F, i.e.
Since F is infinite, the latter is equivalent to having the coefficients v 
Theorem 2.5. For every x ∈ X A and k, V k (x) is maximal with respect to inclusion as a Kummer subspace.
Proof. The proof appears in a more general context in [Cha] . As before it suffices to prove that V 1 (x) is maximal. Let y be an invertible element such that yxy 
The coefficient of
We conclude this section with another criterion for a subspace to be Kummer. We denote the reduced trace by Tr(·). 
Monomial Kummer subspaces
Fix a presentation
Recall that a Kummer subspace V ⊆ A is monomial if it is spanned by elements of the form x i y j . In this section we classify monomial Kummer subspaces, showing that they are all standard.
Lemma 3.1. A subspace V ⊆ A is monomial if and only if it is invariant under conjugation by x and y.
Proof. A monomial subspace is obviously invariant. Assume V is invariant under conjugation by x and y. Let v ∈ A. Write
for 0 ≤ j < p, implying by a standard Vandermonde argument (based on the fact that the matrix (ρ i j ) : 0 ≤ i, j < p is invertible) that f i y i ∈ V for each 0 ≤ i ≤ p − 1. Now writing f i = j α i, j x j for α i, j ∈ F and conjugating by y yields by the same argument that each α i, j x j y i ∈ V. Going over all the elements in V, one obtains a set of monomials in V spanning V.
3-dimensional Kummer spaces
We commence with Kummer spaces of dimension 3. 
Remark 3.2. In the following cases, the space
But the reduced trace of a non-central monomial is zero, so U is not Kummer if and only if there are positive i, j, k with i + j + k < p for which x i+ka y j+kb ∈ F, namely i ≡ −ka, j ≡ −kb. These are the cases listed in Remark 3.2 as Kummer subspaces, and it remains to show that U is not Kummer in any other case. Let a, b ∈ Z/pZ be numbers such that x a y b is not in x or y , and such that we are not in any of the four cases listed above. Consider the vector (a, b, −1) over Z/pZ. It has no zero entries, no sum of two entries is zero, and a + b − 1 is nonzero. It was shown in [LPYZ10] that there is some invertible k ∈ Z/pZ such that (ak
Kummer spaces of dimension greater than 3 Lemma 3.5. The space U
Proof. Assume such integers exist. Then
by Lemma 2.7, so that Tr(w) 0, and Lemma 2.6 shows that U is not Kummer.
Theorem 3.6. Every monomial Kummer space of dimension greater than 3 whose basis contains x and y is contained in either
Proof. Let {x, y, u, w, . . . } be the basis. Assume u = xy k and w = x i y for some
For similar reasons we obtain from u = w i −1 y
However, in this case the condition from Lemma 3.5 for not being Kummer holds for this space: take m = −1 and
, and m = −1 and ℓ = −1 if
The two last options are out of the question. The first option implies i ≡ −k (mod p) and the
However, in this case the condition from Lemma 3.5 for not being Kummer holds for this space: take m = −1 and ℓ = k + 1 if p+1 2
≤ k, and m = 2 − k and
In this case, the condition from Lemma 3.5 for not being Kummer holds for this space: take m = ℓ = −1.
Assume u = x i y and x −k y k+1 for some 1
The last two options are impossible. The first option translates to i ≡ −k (mod p) and the second to
. In this case, however, the condition from Lemma 3.5 for not being Kummer holds for this space: take m = −1 and ℓ = 2 + k. All the arguments in this section can be repeated for any pair of monomials in the basis of a monomial Kummer space, not just x and y. Therefore we obtain the following: 
